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Still other limits of chromatic number 
 
 
 
Summary: We present upper bounds for the chromatic number research issued from subgraph of the concerned 
graph. 
 
Keywords:  Chromatic number, vertices coloring, graph theory 
 
 
Résumé : Nous présentons comment limiter le nombre chromatique par des bornes supérieures issues de sous-
graphe du graphe concerné.  
 
Mots Clefs : Nombre chromatique, coloration de sommets, théorie de graphes. 
 
 
 
 
 
 
1. Introduction 
 
This paper is to present three limits. We first remind some notions and naming convention. It allows introducing 
some bounds, maximum limits to the chromatic number based on particular subgraphs. The third limit is the best 
of the three. 
 
More complex and precise limits can be found in the literature. The goal here is to present my work knowing the 
third limit can also lower the volume of data manipulated. 
 
The approach progressively starts from a classical limit until an upper bound limiting the research of chromatic 
number into a subgraph. 
 
2. Reminders and conventions 
 
• G = (X, A) is the graph which has X as set of vertices and A as set of edges. 
• |Y| is the cardinal of a set Y. 
• We note dG(x) the degree of x vertex on graph G. 
• N is the vertices number of G (or |X|) and M the edges number (or |A|). 
• χ is the chromatic number of G corresponding to the minimum number of colours to strongly 
colour the vertices. In the books of Claude Berge [1] [2], this number is noted  (G). 
• A vertex clique is a set of vertices linked together in pairs by edges. We note   the maximum number of a 
clique. 
• We name  the stability number; it is the maximum set of independent vertices (no edge between these 
vertices two by two). It's the opposite or the complement of the clique. 
 
3. Graph simplification for the vertices colouring 
 
We will present three maximum limits to the chromatic number χ of any graph G in order to obtain progressively 
the third which is the optimum. It is based on a subgraph of G. 
 
Theorem 1 -1st bound- (Reminder cf. [1] p326) : χ –1 ≤ maxmx G{dG(x)}.  
Theorem 2 (Reminder cf. [1] p329) :   x of graph G, χ-critical, dG(x) ≥ χ–1. 
Corollary 1:  χ vertices x of any G such that dG(x) ≥ χ –1. 
Corollary 2: Let a χ-colouring (S1, ..., Sχ) and di = maxmx  Si{dG(x)} then   i, 1 ≤ i ≤ χ,  di ≥ χ–1. 
 
Remark : 
• We can sort the stable sets of the χ-colouring by the maximum degree di (by example, d1 ≥ ... ≥ dχ). 
• We notice that in the decreasing order case, d1 is the maximum degree in the global graph G. 
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Theorem 3 -2nd bound- Let q a maximum number with Y = {x, dG(x) ≥ q–1} and |Y| ≥ q then χ ≤ q. 
Proof: (by contradiction) 
Assume such a set Y with χ = r > q. 
Let us take H, χ –critical graph of G, H is a sub-graph of G. 
We know by the corollary 2 that Si, set of the χ-colouring, maxmx Si(dH(x)) = di ≥ χ – 1 then ≥ r–1. 
We know also that  r stables, Z1 to Zr then  r vertices x of H such that dH(x) ≥ r–1. 
Let W be the set of these vertices, x W and dH(x) ≥ r–1 and |W| ≥ r and r > q. 
As H is a sub-graph of G, it is true also for G with dG. 
It implies that q is not maximum with such property in G. Thus the contradiction. 
Corollary 3 -3rd bound- Let q a maximum number, G1 = (X1, A1), sub-graph of G such that X1 = {x X, 
dG1(x) ≥ q–1} and |X1| ≥ q then χ ≤ q. 
 
The difference with the theorem -2
nd
 bound- is that the degrees are restricted to the subgraph generated by X1. 
We can see that the latter is better than the previous one. 
Proof: It is identical to the previous one because indeed the degrees of the χ-critical graph are ≥ χ-1 even if they 
are restricted to G1. 
Remark for application in process :  
• To find the 2nd bound, it is enough to sort the vertices in decreasing order on the degrees and to 
constitute vertex by vertex (starting from the highest degree) the set Y wished. Each time, we test if 
there is a satisfactory value (in the sense of the 2nd bound) for q. The first value found concerns the 
first highest degrees and is therefore maximum (the other values will be based on lower degrees). 
• For the 3rd bound, the process is as follows. We loop of q = | X | (or degree max m + 1) down to q = 1 
by constructing a set Y (dG (x) ≥ q-1). Y is disconnected from the graph G. The other vertices of G are 
not affected by this value of q. We recursively purify Y by removing the vertices whose degree 
becomes < q-1. The process stops as soon as there is nothing left to clean. This means that all the 
vertices of the purified set are of degree (in the set Y) ≥ q-1. There are two possibilities. Let the number 
of vertices ≥ q-1 be strictly less than q then we decrement the value of q and start again. In the other 
case, |Y| ≥ q. The other values of q having failed, and the process being decreasing, this value is 
therefore maximal. 
Corollary 4 :    vertices x of any G such that dG(x) ≥   –1. 
Corollary 5 :   vertices x of any G = (X, A) such that dG(x) < |X| -  + 1. 
Indeed, by taking the complementary graph  , to search  corresponds to search   in G. Then    
vertices x of   such that d G (x) ≥    –1.  
But d G (x)= |X| - dG(x). Then   G vertices x of G such that: |X| - dG(x) ≥  G –1 or by multiplying by -1 : 
dG(x) - |X| < 1 -  G or dG(x) < |X| -  G + 1. 
 
4.  Conclusion and synthesis 
 
In conclusion, to adopt the process of the third bound is good enough to obtain the chromatic number by 
reducing the graph to be coloured. 
 
In summary we have a bound greater than χ: let q maximum number, SG = (SX, SA), sub-graph of G such that 
SX = {x X, dSG(x) ≥ q–1} and |SX| ≥ q then χ ≤ q. 
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